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ABSTRACT

Let Q be an open bounded domain in RN (N > 3) and 2* = % We are

concerned with two kinds of critical elliptic problems. The first one is

(*)  —Au-— u% =+ |u/™ 20+ 0u> "2 e HL(SQ),
xr

where 0 € 2, 0 < p < (%)2,2<m<2* and A > 0. By using
the fountain theorem and concentration estimates, if N > 7 and 6 > 0,
we establish the existence of infinitely many solutions for the following
regularization of (*) with small number € > 0

—Au - =l P Ol 2w e HY(9).
lz|? + €

Then if 6 > 0 is suitably small, we obtain many solutions for problem (x)
by taking the process of approximation.
The second problem is

—Au=[u)> e+t w e HY(Q),

where ¢ € (0,1), t > 0. By using similar methods as in (%), we prove that
if N >7, ﬁ < g < 1andt > 0, there exist infinitely many solutions
with positive energy. In particular, we give a positive answer to one open

problem proposed by Ambrosetti, Brezis and Cerami [1].
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1. Introduction and main results

Let Q be a bounded domain in RV (N > 3) with smooth boundary 99, 0 € €.
We are concerned with the following problem

—Au— pipy = A+ |u|™2u + Blu|> 2w in Q,

1.1
(1) u=20 on 0,

where 0 < p < pp=((N-2)/2)%,2<m <2*,60>0,\>0and2* =2N/(N-2)
is the critical exponent for the embedding H3(Q) — L¥(1).

Definition 1.1: u € H} () is said to be a weak solution of problem (1.1) if u
satisfies

/ (Vu Vo — |u1|) —Auv — |u|m72uv—9|u|2*72uv)d:c =0 forallve Hj(Q).
Q T

By standard elliptic regularity arguments, we have u €C2(Q\{0})NC*(Q\{0}).
It is well-known that the nontrivial solutions of problem (1.1) are equivalent to
the nonzero critical points of the energy functional

1
Ig,o(u):i/ﬂ<|VU|2 ‘l” IL ~ Auf?)de — — /|u|md:cf—/ Juf>" do

u € Hy(Q).

There are many papers which are significantly related with problem (1.1).
For examples, S. Terracini [20] considered the nonlinear problem in R\ {0}:

—Au = a(z/|al)u/ |z + (2, u),

where a € C*(SN~1 R) and f is a superlinear function. In [20], the diverging
Palais—Smale sequences are analyzed, multiplicity result and the uniqueness
(modulo rescaling) of positive solutions are established by means of variational
methods together with sophisticated versions of the moving plane method of
Aleksandrov.

E. Jannelli [16] considered the following problem:

—Au— ppE =Mt lul> ~2u  inQ,

1.2
(12) u=20 on Jf).

and established Brezis—Nirenberg type results. D. Cao and P. Han [8] proved
that if p € [0, 1 — (232)?), then problem (1.2) admits a nontrivial solution for
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all A > 0. A. Ferrero and F. Gazzola [13] considered a more general form of (1.2)
and obtained some results. Replacing the nonlinearities in (1.1) with f(x,u)
(here f(z,-) is superlinear at zero and subcritical at infinity), M. Schechter
and W. Zou [18] proved the existence of infinitely many sign-changing solutions
under some conditions. Other relevant papers on this matter see [6, 9, 10, 12, 15]
and the references cited therein.

One important question on problem (1.1) is that for any u € (0, i), whether
there exist infinitely many solutions of (1.1) with every A > 0. As far as we
know, there are little results on this question. In this paper, we prove that if
6 > 0 is suitably small, problem (1.1) has many solutions.

Let X be a Banach space. The functional J € C'(X,R) is said to satisfy the
(P.S.). condition if any sequence {u,} C X such that as n — oo

J(un) — ¢, dJ(un) — 0 strongly in X*

contains a subsequence converging in X to a critical point of J.

Note that the embedding Hg(Q) «— L? () is not compact, which leads to
that the functional Iy ¢ does not satisfy (P.S.). condition for any ¢ > 0. Since
we are only interested in solutions with positive energy, fountain theorem and
its dual theorem (see [4, 21]) are not directly applicable to the case of (1.1).

G. Devillanova and S. Solimini [11] recently considered problem (1.2) with
1 = 0 and obtained infinitely many solutions for any A > 0. Two important
methods employed in [11] are concentration estimates and the lower bound of the
augmented Morse index on min-max points (see [3]), which seem not applicable
to problem (1.1). Since for p € (0, i), nontrivial solutions of problem (1.1)
have singularity at the origin (see Theorem 1.1 below), we cannot establish the
uniform bound through concentration estimates and the lower bound of the
augmented Morse index for solutions of (1.1) as in [11]. In order to overcome
these difficulties, we have to look for other methods to deal with problem (1.1).

The first result of this paper is on the asymptotic behavior at the origin for
nontrivial solutions of the following problem with small number ¢ > 0, 6 > 0

—Au — pims = Au+ |u|™"2u + OlulP~2u  inQ,

1.3
(13) u=20 on 0,

where p € [2,2%]. That is,
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THEOREM 1.1: Assume that N > 3, p € [2,2*], m € (2,2*), p € (0,), 6 >0
and A > 0. If each solution ug . € H}(Q) of problem (1.3) with € > 0 satisfies
that 60'/%" |lug || 12+ () + |[ue.cl|lm(@) < K (independent of 6, ). Then there
exists O > 0 such that for any 6 € (0,0k)

(1.4) lug o (x)| < Cla|"VFHVA=E  for all € Q\{0},

where the constant C' = C(K) does not depend on 0, ¢.
Especially, each solution ug o of (1.3) with e = 0 satisfies

(1.5) lug o(x)| < Clz|VAHVE=E  for all 2 € Q\{0}.

Furthermore, if ug o is positive, then there exists py > 0 satistying B, (0) C Q,
and cy > 0 such that

(1.6) ugo(x) > colz| VETVETE  for all x € B, (0)\{0}.

Remark 1.2: We do not know if § > 0 is large, whether the constant C' in (1.4)
depends on €, because our method fails. In addition, it follows from Theorem 1.1
that if € = 0, it is impossible to obtain the uniform L°°-bound for the nontrivial
solutions of problem (1.3) as in [11].

THEOREM 1.3: Assumethat N > 7, m € (2,2%), u € (0, &) and A > 0. Then for
any given positive integer L, there exists 1, > 0 such that for every 6 € (0,0},),
problem (1.1) admits at least L different solutions.

In this paper, we consider another problem with concave and convex nonlin-

earities:

—Au = tu|?  u + |u? 2u inQ,

u =0 on 012,

(1.7)

where ¢ € (0,1), ¢ > 0.

In recent years, people also have paid much attention to problem (1.7) and
obtained many important and interesting results. A. Ambrosetti, H. Brezis and
G. Cerami [1] proposed one open problem on (1.7): whether problem (1.7) has
infinitely many solutions with positive energy for ¢ > 0 small enough. Using the
similar approaches in [11], we establish the existence of infinitely many solutions
for problem (1.7), which gives a partial positive answer to this open problem
proposed in [1]. More presisely,
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THEOREM 1.4: Let t > 0 be fixed, N > 7, 4/(N — 2) < ¢ < 1. Then problem
(1.7) admits infinitely many solutions with positive energy.

Remark 1.5: In Theorems 1.3, 1.4, we restrict the dimension N > 7, which
seems reasonable. Also in the case N > 7, S. Solimini [19] proved that if
t € (0,\1), problem (1.7) with ¢ = 1 admits infinitely many radial solutions.
In the case N = 4,5,6, it has been proved by F. V. Atkinson, H. Brezis and
L. A. Peletier [2] that problem (1.7) with ¢ = 1 does not have a radial solution
which changes sign. Therefore, for the dimension N = 4,5,6, Theorems 1.3, 1.4
seem to be false unless the solutions found are identically zero or do not change
sign.

The paper is organized as follows. In Section 2, using Moser type iteration
and taking some ideas from [14], we characterize the asymptotic behavior of
solutions of (1.3) at the origin (cf., Theorem 1.1). In Section 3, we deal with
(1.3) with € > 0, and establish a strong convergence of solutions for (1.3) in
H{}(£2) through concentration estimates (cf., Proposition 3.1), where p € [2,2%],

€ (2,2%). Section 4 devotes to the proof of Theorem 1.3. We first prove the
existence of infinitely many solutions of

—Au— pgs = du+ lu|™2u + Blul?” ~2u  inQ,

1.8
(1) u=20 on €,

where €,6 > 0. Then if 6 > 0 is suitably small, we obtain the desired results by
taking € — 0. In Section 5, we deal with problem (1.7), and also establish the
existence of infinitely many solutions (cf., Theorem 1.4).

Throughout this paper, we denote the norm of Hg(Q) by |ullmi) =
(fo IVul?dx)/?; the norm of LY(Q)(1 < 1 < o0) by |lullzia) = (f, lultdz) T,
the norm of L>(Q) by |lu| ) = esssupg |u(z)| and positive constants (pos-
sibly different) by C,C1,Ca,. ...

2. Asymptotic behavior of solutions of (1.3)

In this section, we prove Theorem 1.1 by referring to some of the techniques
already developed by Felli-Schneider in [14].

Proof of Theorem 1.1. From the proofs of Theorems 1.1, 1.2 in [14], we can
deduce that if € = 0, |x|VA~VE=Fyy o(x) is Holder continuous in €, and then
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has a positive lower bound on B, (0) if ug, o is positive, which imply that (1.5)
(1.6) hold, where B,,(0) C Q.

Now we prove that (1.4) holds for € > 0. We need to reveal that the constant
C in (1.4) is independent of 6,e. Set v(x) = |z|VF~VFFyy (z). By using
Hardy inequality

1
e [ or e i
K Ja

we infer that v € HE(Q, |z|~2VE=VE=H#)dz) and satisfies
—div (|$|*2(\/E*Vﬂ*u)vv)

—_ v ~2(VA—VE—h)
21) ~ M VA VA + Al v

+ |x|—m(\/ﬁ—x/ﬂ)|v|m—2v + 9|x|—p(\/ﬁ—\/ﬂ)|v|p—2v

Choose
o = oot € HHQ, 0| 2VEVETR ), s> 1, v = min{|v],1},

and note that

v B |U|2UZQ(S—1) .-
HE Jo (2 + e PVa—vimD € fo (e + o epWVa—viaD =

Multiplying both sides (2.1) by ¢, we conclude
(2.2)

/Q|:r|—2(\/ﬁ—vﬁ—u) ('012(5*1)|V’U|2 +2(s — 1)’012(571)|V’Ul|2)d1‘
< )\/ |z|_2(\/ﬁ_\/ﬁ_“)|’U|2’Ul2(571)dl‘+/ |x|—7n(\/ﬁ—\/ﬁ—u)|v|7nv12(571)dz
@ Q
+9/ ] PV~ 26 g
Q

Now we recall Caffarelli-Kohn—Nirenberg’s inequality (see [7, 10, 20]):
(2.3)
2/t
(/ |x|_bt|w|tdac) < ca,,,/ 2|V dz for all w € HL(Q, [o]2dz),
Q Q

where —o0 < a < (N—=2)/2,a<b<a+1,t=
positive constant depending on a, b.

2N :
m and Ca,b 1S a
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In the sequel, we take a = b = /i — /i —p < (N —2)/2 in (2.3), then
t = 2*. Choosing w = vo; ' in (2.3), together with (2.2), we derive

LoN2/27
T —
Q
< Cu [ 1o 2D (00 P
Q
(2.4) < C’)\s/ |x|72(‘/ﬁ7Vﬂ*“)|v|20l2(s_1)dx
Q
+Cs/ |x|7m(‘/ﬁ7m)|v|mvl2(s_l)dx
Q
+C€s/ |ac|7p(‘/ﬁ7Vﬂ*“)|v|pvl2(s_1)dac.
Q
Since 2 < m < 2*, we can choose tg > N/2 such that (m — 2)tg < m. Using

the assumption [|ug,c||rm) < K (independent of 6,¢), and noting that 2 <
2to/(tg — 1) < 2* for tg > N/2. We deduce that for any 6 > 0,

/|x|—’”<ﬁ—\/ﬁ>|u|mvf<5*1>d$
Q

< m—2 —ViE+VE—R,,,s—1]12
> ||u9,6||L(m72)tU(Q)|||x| vy HL%OT(Q)

. 2/2"
<o ([ o R
0
+ €T [ (o] 2T
0
Inserting (2.5) into (2.4), we get
LoN2/2
(/ |3U|_2*(‘/’7_‘/ﬂ)|va*1|2 dx)
0
< C’)\s/ |x|*2(\/ﬁ*\/ﬁ)|v|2vl2(s—1)dx
0
N2/
26) +CS52</ | =2 VAV s =L dz>
0
+035*zt§—fw/ 2|2V~ P
0

+C€s/ |x|_p(‘/ﬁ_m)|v|pvl2(571)dx.
Q
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Taking 6 = 1/v/2C's in (2.6), we conclude that

. 2/2*
JUEET—
Q

(2.7) < Csao/ |2~V [y 2 2D g
Q
+Cts [ o] PPV,
Q

where ag = 2ty/(2tg — N) > 0, C is independent of 6, e.
Choose t; = N/2, then (p—2)t; < 2* for p € [2,2*]. Noting that 2¢;/(t;—1) =
2*, we deduce that

/|x|*P(\/ﬁ*\/ﬂ*#)|U|Pvl2(s_1)dz
Q

2.8 < VEHVE=Hyps =112
(2.8) Hu@ eHL(p 2)11(Q)|||$| U'U HLfl f (@)
< CH“H 6||L2*(Q |||.Z'| Vi U’Ué 1||L2* ()"

Inserting (2.8) into (2.7), we obtain that

. 2/2*
([oreor o)
Q

29) SC’SO‘“/ |x|72(‘/ﬁ7m)|v|20l2(5_1)d$

+ COs|lue, €||L2* Q)|||x| Vi oy 1HLQ*(Q)

Choosing s =m/2 > 1 in (2.9). Then we infer

. . 2/2*
</ |x|’2*(\/ﬁ*“ﬂ*“)‘vvl7_l\2 d:c)
Q

(2.10) SC/ |x|—2(\/ﬁ—\/ﬁ)|v|2vl2(%fl)dx
+ COllug |27 @zl VI Hyy S ||L2* Q)"

By the assumption 8%/2" ||jug. E||Lz*(Q) < K (independent of 6, ¢), then there

exists g > 0 such that C’6’||u9€|\L2*(Q < 1/2 for every 6 € (0,0k). From
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(2.10), we conclude that

(2.11)

. . 2/2*
(/ |x|_2*(‘/ﬁ_m)yvvffly2 dac)
Q
< 0/ | 2VEVIER | 207 Y g
Q

< C(diamQ) "D WVEVETDlug |71 o) < C(N, u, A, m),

where C' depends on K, but not 0, e.
Therefore, from (2.11), we obtain that by taking the limit { — oo

(2.12) / o] 2 VA |y gy < O
Q

Now we claim that there exists 8 € (1, m/2) such that
(2.13) / lug.c|*? dx < C where the constant C is independent of 6, e.
Q

In fact, from (2.12) and using Hoélder inequality, we deduce for any § € (1, m/2)
(2.14)

/|u9,€|ﬂ2*dx:/ |02 (VA= V=) |82
Q Q

1-28/m
< (/ |x|—62*(1—2/m)(1—2ﬁ/m)1(\/;7—\/;Tu)dx)
Q

. _ . 28/m
~ (/ || 72 (\/ﬁ\/uu)|v|2d$)
Q

1-28/m

)

R
< O(/ OtN1ﬂ2*(12/m)(12ﬁ/m)1(\/ﬁ\/ﬂ)dt)
0

where Ry = diam €2, and C' is independent of 6, e.
Note that as 8 — 1,

N =327 (1 =2/m)(1 = (2B)/m) " (Vi = Vi —p)
= N-=-2(Vip—vVi—p) =2Vt —pu>0.
We infer that there exists 8 € (1, m/2) such that
N —1-p2°(1 = 2/m)(1 = (20)/m)" (Vi — Vi —p) > —1,
and then from (2.14), we get (2.13).
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Set to = 32*/(2* — 2), then to > N/2 and 2t5/(t2 — 1) € (2,2*). We conclude
that for any § > 0,

/|z|fp(\/ﬁfw1w)|v|pvl2(s—1)dz
Q

|—\/ﬁ+\/ﬂw;—1||2 2ty
Lt2—1(Q)

< Ollug,ell oz gy % (Blll2l™HVEFo0p ™ | e

< HUB €||L(p 2)12(Q)H|$

(2.15)

+ C(N,t9)d~ 2t2—N|||z|—f+¢ “HyusT ||L2(Q)) .

Inserting (2.15) into (2.7), we infer from (2.13)
(2.16)

. 2/2*
PR
Q
. 2/2*

SCS52</ |z|72*(\/ﬁﬂ/ﬂ7u)‘vvis—1‘2 d:c)
Q

+Csa°/ |x|_2(\/ﬁ_m)|v|2012(5_1)dx
Q

+ 5o 2N/t / | ~2VEVEEID |y i
Q

Taking 6 = 1/v2C's in (2.16), we conclude that
(2.17)
2

( / lx|2*<ﬂm>lvvfl\2*dz> < Cs® / ja VIR oo e,
Q Q

where o = max{w, 2t2/(2t2 — N)} > 0, and C is independent of 6, e.

Define the sequence s; = (2*/2)j+1j =0,1,2,..., and take s = s; in (2.17).
Through a standard Moser type iteration procedure, we conclude from (2.13)
and (2.17)

1/(82%)
[vill p2e41 () < C|Q|/2 (- 1/%3)(/Q .| #2 dx) <,

where C' = C(K) is independent of 6, e.
Note that sj;1 — oo as j — oo. So let j — oo in the above inequality, we
infer that ||vi||L~q) < C, and (1.4) can be obtained by taking I — +oo. |
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3. H'-strong convergence of solutions for (1.3)

In the next parts, we suppose € > 0. Following the arguments of Theorem 1.1
in [11], we establish strong convergence in H} () on solutions for (1.3), that is,

ProPOSITION 3.1: Assume that N > 7, u > 0, A > 0. Then for any sequence
{up}, which are solutions of (1.3) satistying ||u| 3 (o) < C for some constant C
independent of p € (2,2*), there exists a subsequence of {u,}, which converges
strongly in H3(Q) as p — 2*.

Before giving the proof of Proposition 3.1, we introduce some notation and
terminology, which can be found in [11].

Let u be a solution of problem (1.3). Set v = |u| (extended by zero out of ),
then v € HY(RY) satisfies

(3.1) —Av < b T4 A,

where A = A(\, pu,€) > 0 is independent of u, b > 1. In the next, we normalize
b and always take b =1 in (3.1).

Definition 3.2: {u,} C H}(Q) is said to be a controlled sequence if each u,, is a
solution to problem (3.1); a balanced sequence if for some p € (2,2*), u,, solves
problem (1.3) with € > 0.

Let S be the best Sobolev constant defined by

S = inf

Jo [Vulda
uEHé ()\{0} (fQ |’LL o d’J)) 2/2% 7

which is achieved if and only if Q = RV by

(N (N — 2))N-2)/4

Ulz) = (1+ [z2)(N-2/2

The function U, called an instanton, satisfies
~AU =U*~' in RV.

Moreover,

/ VU *da :/ U dax = SN2,
RN RN
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The proof of the following result can be found in [21]:

Let {u,} C H}(Q) be a Palais-Smale sequence of Iy ., which is defined in
(4.2). Then, up to a subsequence, there exist k sequences of mutually diverging
scaling 0!, with respective concentration points z¢, such that as n — oo

k
(32)  un— Y (0,)VPPU(0} (x — 2},)) —use — 0 strongly in Hg(€),
i=1

where uq, is a weak solution of problem (1.8).

We call {u,} is a concentrating sequence if the limit in (3.2) holds in H'!-
strong topology.

The following result is from Lemma 6.2 in [11], which allows us to extract a
concentrating subsequence from a noncompact bounded balanced sequence.

LEMMA 3.3: Let {u,} C H}(Q) be a noncompact bounded balanced sequence.
Then we can always extract a concentrating subsequence from {uy}.

Choose a constant C' > 0 such that A% = BGysyos/? (l‘n)\Bﬁ(r;l/Z (xy) does
not contain any concentration point for sufficiently large n.

Define the thinner subset A2 = B s iayer1r (Jcn)\B@H)g;l/z (). Then the
following results on the controlled concentrating sequences hold (see [11]):

LEMMA 3.4: Let {u,} be a controlled concentrating sequence. Then there
exists a t,, € [C +2,C + 3] such that

un(z) <O, forallz e A2 and / |V, |*do < Co, V=32,
0B, _i/2(n)

Proof of Proposition 3.1. We prove Proposition 3.1 by contradiction. Assume
the bounded balanced sequence {u,} is not compact. Then by Lemma 3.3,
we can choose a concentrating subsequence of {u,}, denoted by {u,} with
P = pp < 2%, p, — 2%. Thus, to prove the strong convergence in H& (Q), we
just need to show the bubbles (0% )N=2/2U (g% (x — %)) (1 < i < k) in (3.2)
will not appear in the decomposition of u,. Assume |un | g1 (@) < M, then from
(3.2), we infer that k < co. For simplicity, we take o,, = o, x,, = z%,. Since
the proof is similar to that of Lemma 6.1 in [11], here we only give a sketch of
it. After a detailed calculation, we have the local Pohozaev identity for {u,}

on Bn = BtnU;1/2 (.I'n) naQ



Vol. 164, 2008 SEMILINEAR ELLIPTIC EQUATIONS 137

N N-=-2 N N-=2
(X -2y [ gt (X222 [ e
Pn 2 B, m 2 B,

|un|2 / 2 / xz- :r0|un|2
+e€ — —dx+ )\ Up |“dx + — — dx
“/Bn TP + o2 e (e

n

0 1
= —/ |ttn [P (2 — x0) - vdo + —/ [tn ™ (x — x0) - vdo
Pn JoB, m JoB,

1 14
- A )n2 — o) -vd
+2/63n( + e Junl*(@ = o) vio

1 2
+ /(9Bn(Vun (x = x0))(Vuy - v)do — 5/(9 [Vu,|*(x — ) - vdo

By,
N
+ Vu, - vupdo,
2* Jom,

(3.3)

where v is the outward normal to 9B,,.

Set OB,, = 0;By, U 0.B,,, where 8;B,, = 0B, N Q, 0.8, = 00N B,,. As in
[11], if 8.B, = 0, we take x( in (3.3) equal to the concentration point x; if
9.B, # 0, we take o out of {2 such that

(3.4) d(xo, ) < 2tn0;% and Vz € 0.B,, v-(z—x9) <0.

Hence,
(3.5)

T - xo|un|?
)\/ |un|2dm+u/ ——dx
B B, (7[> +€)?

2 - (20 — )|un? a2 ?
:)\/ unde+u/ ———————dx+p ———dx
5, [l S (PR 5, (el + e

n n

2lJzo — a2 a2 ?
2)\/ u defu/ lzllwo = aflunl® ) -\, [ L2l lual®
5, fnl . (e Fep 5. (P + o2

> (= Clu ) [ funfdo

n

ZO(M,)\,G)/ |u,|?dx  for large n.

n

Let B!, = B_-1(xy,) and u,, = u® + u} + u2, where

—1
On

k
. O N-—2 . .
Uy = Uoo, Uy =Y (0,)7F Ulop(x —ap)), uf) = un —up, —uj.

i=1
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Then we deduce that for n large enough, B/, C B, N and

/ |un|2d:c2/ |ty |2 d
B,NQ B!

(3.6) "

1
> —/ |u?|? x72/ |u,1L|2d3972/ |ul |2 da.
2 ), B, B,

After a direct calculation, we have
(3.7)

|u?|?dx > Co,, 2, / lul 2dx < Co, W, / |ul |2dx < C’HugHQLQ*(Q) o2
B/ ’ ’

n n n

Note that [|u)) |2+ () — 0 as n — oc. Inserting (3.7) into (3.6), we get for n
large enough

(3.8) / |u,|?dr > Co,,?
B,,NQ

By the choice of zg, as in [11], we only need to consider the right hand side of
(3.3) on 9;B,,. Using Lemma 3.4, we get

0 1
— [ton [P (2 — 20) - vdo + — |tn | (2 — x0) - vdo
Pn Jo;B, m Jo; B,
—l—l/ ()\—I—Lﬂu 1*(z — x0) - vdo
2 Jo,B, 2+
+ / (Vuy - (z — 0))(Vuy - v)do
;B
1 , N
(3.9) - = |Vun|*(x — x0) - vdo + Vuy, - vu,do
2 JaB, 2" JoiB,

< C’/ [(x — zg) - v|do +/ |V, ||z — 2o|do
0; By, 9; Bn

1/2 1/2
+ (/ |Vun|2da> (/ |un|2d0)
0;Bn 9; By,

N—2

<Co, 7

Note that ey [ (II|24|-6)2 dz >0, (N/p, — (N =2)/2) [5 |up[Prdz > 0 for
Pn € (2,2%) and (N/m— (N —2)/2) an |tn | dz > 0 for m € (2,2*) . Inserting
(3.8), (3.9) into (3.3), we obtain

N—2

_2 <Cf(e )Un 2,
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which is a contradiction for n large enough due to N > 7. Thus, all of the
bubbles in (3.2) must vanish. |

4. Existence of many solutions for (1.1)

In this section, we first introduce some notation (see [21]) and preliminary

lemmas.
Denote the eigenvalues of —A in H}(Q) by 0 < Ay < Ay < -+, and the
corresponding eigenfunctions by ej(x),ez(x),.... Then, {e;(x)}$2; consist of

an orthogonal basis in H}(12).

It is well-known that the nontrivial solutions of problems (1.3), (1.8) are the
corresponding nonzero critical points of the following energy functionals defined
on H} () respectively:

(4.1) e )

1 U 1
") :—/(v2— .Y 2)d ——/ md ——/ Pdz,
and
(4.2) e )

1 U 1 «
Ip.c(u) = = - —)\Qd——/ md——/ 2 dx.
o) = [ (1 = =P Jao = o [ pimas = 2 [ ol as
Set Yy := @?:1 ej, Z1 = @)y ej and

B :=A{u € Yi: ullmi) < prts Ni:={u€ Zi: |l my ) =7}

where pi > 7, > 0.

Define
Ip:={ye C’(Bk,HOI(Q)): Yo, =1d}, ¢k = inf max I o(y(u))
yET, uEBy
c:= inf max Iy, 2= inf )
Cp,e = Inf maxlp, (v(u)), Cro,c = Inf max g’ (v(u)),
brg,c = inf Ip(u), Paci= inf ISP (u),
k.0, ulenNk 0,e(u) k.,0,¢ ulenNk 0,e (u)

where p,, € (2,2*) and p, — 2* as n — oo.

LEMMA 4.1: For any €,0 > 0 and positive integer k, nler;O Cho.c= Chbe
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Proof. For any v € H}(Q),
(4.3) Ipe(v) = I3 (v) / lv[Prde — — /|v|2 da.

Since for s > 0, the function h(s) = pisp” — 2 %" attains its maximum value at
s =1, we have h(s) < 8/p, —0/2* for all s > 0. Therefore, for every v € H} (),

Io.e(v) < I (v) +6(1/pn — 1/27)|9.
So, for any € > 0 and positive integer k,

(4.4) crge= inf sup Ip(y(uw)) < lim inf sup I(p”)( (w)) = lim ¢,

vyl u€EB} n—oo vl wEBy, 0, N— 00
Set
(4.5) FP(v) = — [ J|* do — — [ |v[P"dx v e Hy(Q).
2" Ja Pn Jo
Note that id € T, we deduce from (4.3), (4.5) that
(4.6) inf sup I;%") (y(u)) < inf sup Ip.(y(w)) + sup F@)(u).
YETk we By, YTk weB,y, u€ By,

Since By, is compact and the functionals F(P») are equicontinuous on By, we
derive that lim sup F®»)(u) — 0. So from (4.6), we get

n—00 e By

lim ¢}y, = lim inf sup I(i")(fy(u))

n——00 T n—ooyel'y ye B,
(4.7) < Tim inf sup Ip(y(u))+ lim sup FP)(u)
n—o00 yely u€EB} n——00 4B,
= Ck,0,e-

Therefore, from (4.4) and (4.7), we infer that hm ck 9.c = Ch,0,c- |

LEMMA 4.2: klim Ck,0,e = +00 for every €,0 > 0.
—00

Proof. 1t follows from Lemma 4.1 that for every positive integer k, there exists
ng > k such that for any €,0 > 0

(4.8) e = Choe <1/k.
Let &0 € (0, 1) be a fixed number. Define

an = inf /(|Vu|2 _ Solul)de
uELy, Hu”Lp"k (Q):l Q
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We claim that, up to a subsequence, a, — 400 as k— oo. In fact, since p,, < 2%,
we infer that oy can be achieved by a function v, € Zy, fQ |vg|Preda = 1, which
satisfies

—Av, = ak|vk|p”k_2vk + OpUk-

If ap - o0 as k — oo, then [, |[Vug|?dz < C by the choice of §. By using
Theorem 1.1 in [11], we conclude that

(4.9) Sl}ipHUkHL“(Q) <C.
Since vy € Zi, up to a subsequence, we may assume that
r — 0  weakly in H&(Q); vy — 0 a.e. on Q.

By (4.9) and the dominated convergence theorem, we deduce that

lim / |vg[Prede = 0,
Q

k—o00

which is a contradiction due to [, [vg[P"rdz = 1. Thus oy — o0 as k — 0.
Note that pp, € (2,2%), pp, — 2* as k — 00, we may assume m < p,, for large
k. Then by Young inequality, we have for any u € Zj,

" 1 u m
100 = 3 [ (9l = wlDyde =+ [ fuprao = [ jupas
P
—3 Jeres /que)“

> CullullF o) — CQak ||u||pn’“ ) — Cs.
2C apnk/Q 1
Choosing rE = (#) Pny =2 , We obtain that if u € Zk and ||u||Hé(Q) =Tk,
2Pny,
Dny, /2 2
(Pn ) 20 ak’ ) Pny =2

4.10 Fps >c(1f—)( ) -G
( ) 0,e ( ) 1 Do CQpnk 3

Since we have proved that a; — oo as k — oo, from (4.10), we infer that
bply. — o0 as k — oo. It follows from Theorem 3.5 in [21] that ¢i%, = > 0%
and so from (4.8), we get that hm Chfe = hm ck 9. = oo |

LEMMA 4.3: lim¢_,0 ck,0, = ck,p for any 8 > 0 and positive integer k.
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Proof. Observe that for any v € H}(Q),

7 Jul? Jul?
411 Tpe(v) =1 a (—f )d
(a.11) 00) = Toao) + 5 [ (f5 = gl )as
Since id € T'y, we have
(4.12)
inf sup Iy (y(u)) < inf sup Igo(fy(u))+ﬁ sup / (ﬁ, [ul )d:c
VETk ueBy T €Tk ueBy 2 ueB, Jo \z? JzPte
Set

[l Juf?
Gow) = | (1 - )z we By
= [ (G )i we
By the dominated convergence theorem, we infer that for any w € By,

lime_,0 Ge(u) = 0. Since By is compact and the functionals G. are equicon-
tinuous on By, we conclude

lim sup Ge(u) = 0.
eaoueBk

Thus we obtain from (4.12) that

(4.13) Tnéck,e,e < crp-
On the other hand, since [, (mz — ‘zlfz‘ie)dac > 0, from (4.11), we infer that
ko < lim —5cp 9. Together with (4.13), we conclude that

lim cg 9, = ci 6. [ |
e—0

Proof of Theorem 1.3. Tt is not difficult to verify that the assumptions (A;)—
(A4) of Theorem 3.6 in [21] are satisfied for problem (1.3) with p = p,, € (2,2*).
So by Theorem 3.6 in [21], we conclude that Igi") has a sequence of critical
points, denoted by wy .. Moreover, ci, = Iéi”')(uzyé). By Lemma 4.1, we
deduce that {u} }52; is bounded in Hg(£2). Then, by Proposition 3.1, we can
find a subsequence which converges to a solution ug, . of (1.8) at level ¢ . Note
that cy 9 < ci,0. From Lemma 4.3 and the following equality

Cho.e=0(1/2— 1/2*)/ |uk,€|2*dz +(1/2 - 1/m)/ |ug,e|™dz,
Q Q

which implies that

0> kel 2 () + lluk,ellLm ) < C(k), where C(k) is independent of 0, e.
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From Theorem 1.1, we infer that there exists 6, > 0 such that for every
0 € (0,0)

(4.14) g, ()] < Clz|"VFHVETE for all € O\ {0},

where C' is independent of e.
Thus by Hardy inequality and from the following equality

11 e |? 11
= (5-57) | (VueeP—p e Nug ) do— (== =) [ g™ de,
Ck,0, (2 2*) /Q (| Uk, | 12 |ZL‘|2 te |uk7 | € m 2% 0 |’U,k’ | €z

we infer that

(4.15) / |V, o|*de < C(k, p, \),
Q

and then by Sobolev inequality, we also have
(4.16) / lup o[> dz < C(k, 1, N).
Q

From (4.15), up to a subsequence, we may assume that as e — 0,
Ug,e = up  weakly in H& (Q),
Ug,e — up  weakly in L* (Q),
Uk, — U a.e.on .
Then uy € H}(Q) is a weak solution of (1.1), and we deduce from (1.5) that
lup ()] < Clz|"VAHVE=E for all 2 € Q\{0}.
Together with (4.14), we infer that
e (z) — ug(2)]> < Cla| "2 VAVETE) for all z € Q\{0},

and

_ 2 _
'“’“(x)l |2“’“(x)| < Cla| 22VAVE for all z € Q\{0),
T

where C' is independent of e.
After a direct calculation, we infer that

R
/ =2 VAV gy < c/ N2 (VEVER gt < O
Q 0

and
R
/ |x|_2_2(\/ﬁ_\/ﬁ_“)dac < C/ ’ tN—12=2(VE—Vi—1) gt <C.
Q 0
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Thus by the dominated convergence theorem, we conclude that

(4.17)
_ 2
lim [ |upc(z) —up(@)> de =0 and lim k. (z) 2uk(x)|
e—0o0 /o e—00 Jo |1‘|

=0.

Since uy,e and uy are solutions of (1.8) and (1.1), respectively, we derive

/ |V(uk,6 - uk)|2dz
Q

Uk, e Uk 2
= N/ ( — —) (uk’e — ’u,k)dl‘ + )\/ |’(,L]€76 — uk| dx
o MzP e [zf? 0

+ / (e | ™2 e — ™22 (g — up)da
Q

(4.18)

+ 9/ (|uk,6|2*72uk,6 — |uk|2*72uk)(uk75 - uk)dz
Q

By Hardy’s inequality and (4.15), we get

Uk,e Uk )

—— — —— | (up. — ug)dx
G ) o)
S/ |uk,e(ulg,efuk)|dx+/ |Uk(uk,e;Uk)|dx

Q |z2 + € Q ||

/2 2 1/2
uge> N / >\ ke — gl
< 9 9 d
(419) = (( o o X)) Ty eE® o

|ug,e — UkIde 12
|z[2

< C(IVuk,ell 2 + ||Vuk|L2(Q))< ;

. 2 1/2
C’( Lk’é 2uk| dz> .
Q |z]

Hence from (4.17), (4.19), we infer that
(4.20) lim / ( Uke _ Uk )(uk,e — ug)da = 0.
Q

e—0 |.I'|2 +e€ B W

It is not difficult to verify from (4.17) that

IN

(4.21) lim [ (Jukel? 2upe — |uel* ~2ur) (up,e — ug)dz =0,
Q

e—0

1in%/(|uk,€|m_2uk,€ — |uk|m_2uk)(uk,€ —ug)dz =0 and
(4.22) &

1im/ lug,c — ug|*dz = 0.
e—0 Jo
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Hence, from (4.18), (4.20)—(4.22), we deduce that uy . — ug strongly in H} ()
as € — 0, and then uy, is a critical point of Iy o at the level ¢y, ¢ for any 6 € (0, 6y).
On the other hand, for every k, from Lemmas 4.2, 4.3, we infer that there exists
[ > k such that ci g # c; ¢ for any 6 > 0. Hence, for any given positive integer
L, there exist k1 < ko < -+ < ki and 0, ,0k,,..., 0k, (see Theorem 1.1) such
that for any 6 € (0,0r), cr, 0 # ck;,0 and then uy, g # uy, ¢ in Q for any i # j,
i,7=1,2,..., L, where 0 = min{0y,, 0k,,...,0k, } ]

5. Existence of infinitely many solutions for (1.7)

In this section, we first establish a strong convergence in H} () on solutions of

—Au = [uP~2u + tlu|T tu in £,

5.1
(5-1) u=20 on 0,

where p € (2,2*), ¢ € (0,1) and ¢ > 0. That is,

PROPOSITION 5.1: Assume that N > 7, 4/(N —2) < ¢ < 1, ¢ > 0. Then
any sequence {u,} of solutions of (5.1) with p varying in (2,2*) satisfying
[upll () < C for some constant C' independent of p, has a subsequence which
converges strongly in H}(Q) as p — 2*.

Before giving the proof of Proposition 5.1, we also introduce some notation
and terminology, which can be found in [11].

Let u be a solution of problem (5.1). Set v = |u| (extended by zero out of ),
then v satisfies

(5.2) —Av<b? '+ A veHYRV),

where b > 1 is a coefficient constant, A = A(t,q) is a positive constant. By
normalizing, in the next, we assume that b =1 in (5.2) .

Definition 5.2: {u,} C H}(Q2) is said to be a controlled sequence if each u, is
a solution to problem (5.2); a balanced sequence if u,, solves problem (5.1) for
some p € (2,2%).

Now we characterize the representation of Palais—Smale sequences corre-
sponding to (1.7). Since its proof is similar to that of Theorem 8.13 in [21],
we omit its details here.
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Let {u,} C H}(Q) be a Palais-Smale sequence of the functional correspond-
ing to (1.7). Then, up to subsequence, there exists a positive integer k, k
sequence of mutually diverging scaling o?, with respective concentration points
x! such that as n — oo

(5.3)  un— Z(ai )%U(Ui (x — %)) —us — 0 strongly in  Hj(Q),

where uq, is a weak solution of problem (1.7).
We call {u,} is a concentrating sequence if the limit in (5.3) holds.

LEMMA 5.3: Let {u,} be a controlled concentrating sequence. Then there
exists a t,, € [C +2,C + 3] such that

N-—-3

un(r) <C, Vre A2 and / |Vu,|?de < Coy, 7,
oB _1 (-Ln)

where A2 is defined in Section 3.

Proof. The proof is the same as those of Proposition 3.1 and Corollary 4.1 in
[11], we omit its details here. |

Proof of Proposition 5.1. Similar to the proof of Lemma 6.2 in [11], we also can
select a concentrating subsequence of {u,}, denoted by {u,} with p = p, < 2%,
pn — 2*. Hence, it is sufficient to prove that the bubbles (o )“== U (0, (z — 1))
(1 <i<k)in (5.3) will not appear in the decomposition of u,,. Since the proof
is similar to that of Lemma 6.1 in [11], here we only give a sketch of it. Set
op = 0l ¥, = 2! . Then we have the following local Pohozaev identity for {u,,}
on B, = Btna_;l/2 () NQ

(5.4)
N N-=-2 N N -2
N_N=2 / fulPrde + [ —— - Y 2 / | der
DPn 2 B, q+1 2 By,
1 t
= U [P (2 — 2 -Vd0‘+—/ un | (2 — x0) - vdo
el RNl B THCTERE
1
+/ (Vuy, - (x — z0))(Vuy, - v)do — —/ |Vun|*(x — 20) - vdo
0B, 2 Jom,
N
+ 5 Vuy, - vuydo,
2* JoB,

where v is the outward normal to 9B,,.
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As in Section 3, set 0B, = 0;B, U 0.B,,, where 9;B,, = 0B, N, 0.B, =
0NN B,. Asin [11], if 9.B,, = (), we take x¢ in (5.4) equal to the concentration
point z,,; if 9. B, # 0, we take xo out of Q such that

_1
(5.5) d(zg,xn) < 2tpon? and forall z € 8.B,, v-(z—z0)<O0.

Let B, = B,-1(x,) and u, = uf) + u;, + uj,, where

k
. N-—2 . .
Up = too, U = (07) 7 Ulop(—a3)), )= un — up, —uj.

i=1

Then we deduce for n large enough
(5.6)

BnﬂQ|un|q+1dx
1 En
> [ ez [ (Gl - 2l - 2l )
B, B \2

q+1
> (N7 [ j2pettar — o [ pletiae — 2 [ et
- 2 n n n
B B, B

’ ’
n n

After a direct calculation, we have

(N-2)(@+D) _
(5.7) / 2|7 e > oy 2 ,
B,
(5.8) / [ de < CoN,
B,
(N—2)(q+1)
41 Gepen
(5.9) /, |ud |9 da < C||u2||%2*(9)0n 2 )

n

Note that [|u))||z2+ (o) — 0 as n — oo. Inserting (5.7)~(5.9) into (5.6), we get
for n large enough

(N—=2)(q+1)
(NS N

(5.10) / |u,| T dx > Coy,
BnNQ
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As in [11], we only need to consider the right hand side of (5.4) on 9;B,,. From

Lemma 5.3, we get

(5.11)
1 t
— Up P (x — x9) - vdo + —— un | (2 — z0) - vdo
g R R O RS
1
+/ (Vuy, - (x — 20))(Vuy, - v)do — - / |Vun|*(z — o) - vdo
0: By, 2 Jo,B,
N
+ o Vg, - vupdo
2* Jo.B,
<C |(Jc—ac0)-y|da+/ |V, ||z — zo|do
aﬂiBn 67Bn
+ (/ |Vun|2da) (/ |un|2d0)
61'Bn 61'Bn
_ N-2
<Con *

Note that (% —N-2) [5, |unlPmdz >0, for p, € (2,2*). Inserting (5.10), (5.11)
into (5.4), we obtain
(N-2)(at) _ _N-2
on 2 N <Clt)on 7,
which is a contradiction for n large enough due to 4/(N — 2) < ¢ < 1. Thus all
of the bubbles in (5.3) can not appear. |

The corresponding energy functionals of (1.7), (5.1) are defined as the follow-
ing respectively:
1 ) 1 . t
== dr — — doe — —— atlg H(Q).
niw) =5 [ wude = 52 [ e - — [ urtide we @)
and

1 1 t
Jt(p)(u):§/Q|Vu|2dz—5/Q|u|pd:c—m/g|u|q“dz ue HY Q)

Set

n

¢ = inf max Je(v(u)), ¢éf:= inf max Jt(p")(’y(u)),

YET K uEBK Y€l uEBy
by = inf JP (W), Ty = {y € C(By, HX(Q)) : v|op, =id},
u k

where By, Ny are given in section 3, p, € (2,2*) and p,, — 2* as n — oo.

LEMMA 5.4: For any positive integer k, lim,_.o ¢ = k.
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Proof. For any v € H}(Q),

Ti(w) = P (v /|v|p"d:cf /|v|2 da.

Thus, we infer

(5.12) JP () < Jy(v /|v|p”dl‘ / 0| da|,
Pn Q

and

(5.13) Ji(v) < J(”" / [v|Prdz — —/ [v|?" da|.
pTL

Note that id € T, we deduce from (5.12), (5.13) that

(5.14)

inf su J(p” < inf sup J, )+ su /up" :cf—/ ul? dzl,
GFkuelg)k ( ( )) eFkuEEk t( ( uegk Pn | | | |
and

(5.15)

inf sup J, < inf su J(p”) + su /up"

Jnf sup t(v(u)) i sup J; (v(u)) Sup |- |ul

Since By, is compact and the functionals

1 1 .
—/ |u|Prdx — —*/ |u|* da
Pn Ja 2 Q

are equicontinuous on By, we derive lim,, oo SUp,¢ 5, H (Pn) (1) — 0. Therefore,

H®) () =

from (5.14), (5.15), we conclude lim,, o ¢} = C. |

LEMMA 5.5: klingo Cr = +o00.

Proof. It follows from Lemma 5.4 that for every k, there exists an n; > k such
that

(5.16) ot — | < 1/k.

If we assume that limy_,o ¢ = ¢ < 0o. Then from (5.16), we infer

(5.17) khm ek = hm Cr = cC.
Let €9 € (0, A1) be a fixed number. Define

By = inf /(|Vu|2 — eolulP)de
Q

UE Zy ||uHLpnk (Q):l
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We claim that, up to a subsequence, 5 — 400 as k— oo. In fact, since p,,, < 2%,
we infer that 8 can be achieved by a function vy, € Z, [, [vx[P"rdz = 1, which
satisfies

—Avy, = Bie|vg|Pe " oy + eoug.

If B - oo as k — oo, then [, |Vug|*dz < C by the choice of €. By using
Theorem 1.1 in [11], we conclude that

(5.18) Sllip llvrll Lo (o) < C.

Since vy € Zi, up to a subsequence, we may assume that
vg — 0 weakly in  HJ(Q); vy — 0 a.e. on (.

By (5.18) and the dominated convergence theorem, we deduce that

lim / |vg|Pede = 0,
Q

k—o00

which is a contradiction due to [, [vg|P"+dz = 1. Thus 8 — oo as k — 0.
Note that ¢ € (0,1), by Young inequality, we have for any u € Z

( n ) —Pn /2 n
Je " (w) = Cs|lullfga ) — Cooy, ™ ||U||11;3k(9) - Cr
. 20587 *\1/(pn, —2) . .
Choosing rj, = (E‘Tﬁnk) P77 we obtain that if u € Zj and [ull g3 ) = ks
(5.19) 1) = s (1 2 )(205ﬁznk/2>2/(p”k2) c
. u) >C5(l— — )| ——— —Cr.
K pnk C’Gpn;C

Since we have proved that 8 — oo as k — oo, from (5.19), we infer that
bk — 0o as k — oo. It follows from Theorem 3.5 in [21] that &* > b, and

50 limp—o0 G = limy o0 €% = +00. |

Proof of Theorem 1.4. Let u} be a critical point of Jt(p ") at level ¢;. By Lemma
5.4, we deduce that {u}}>2, is bounded in H{(€2). Then by Proposition 5.1,
we can find a subsequence which strongly converges to a solution uy of (1.7) in
H} () at level &. By Lemma 5.5, we obtain infinitely many solutions of (1.7)
with positive energy. |
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